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Introduction

Abstract

A computer code has been developed that uses an implicit finite-

difference technique to solve nonsimilar, axisymrnetric boundary

layer equations for both laminar and turbulent flow. The code can

treat ideal gases, air in chemical equilibrium, and carbon tetraflu-

oride (CFI) , which is a useful test gas for hypersonic blunt-body

simulations. This is the only known boundary layer code that can

treat CF,,|. Comparisons with experimental data have demonstrated

that accurate solutions are obtained. The method should prove use-

ful as an analysis tool for comparing calculations with wind tunnel

experiments and for making calculations about flight vehicles where
equilibrium air" chemistry assumptions ar_ valid.

The implicit finite-difference technique that is
well established for nonsimilar, axisymmctrie bound-

ary layer equations involving laminar flow (see refs. 1
and 2) ha_s been extended to include turbulent flow

of an ideal g_s (rcf. 3) and reacting gas mixtures

in chemical equilibrium (ref. 4). Blottner (ref. 5)
has also shown that the same technique can be ap-

plied to flows where the fluid is in chemical nonequi-

librium. In addition, Mayne and Adams (ref. 6)
and Anderson, Moss, and Sutton (ref. 7) have used
this solution technique to compute flows that include

streamline swalh)wing. Thus, the implicit finite-
diiference technique provides accurate and efficient

boundary layer solutions and is usefifl for analyz-
ing boundary layer flows on many different types of
vehicles.

A computer code is described here that uses an

implicit finite-difference technique to solve nonsimi-

lar, axisymmetric boundary layer equations for both
laminar and turbulent flow. This code has been used

extensively to Inake rapid engineering and design cal-
culations, but it can also be used to compute the
flow over a variety of three-dimensional entry vehi-

cles through the axisyminetric analog (ref. 8). It can

account for ideal gases, air in chemical equilibrium,
and carbon tetrafluoride (CF4), which is a useflfl test
gas for hypersonic bhmt-body simulations. This is

the only known boundary layer code that can deal

with CF4, which is important because of thc large

number of CF4 tests that require this unique capa-

bility to study the effects of variable specific heats (7)
on aerothermodynamic results.

The purpose of this paper is to document the

code, give a detailed description of the method of

solution, and present comparisons of calculations

with data from experiments. These comparisons are

presented over a wide range of body shapes, test

media, and local flow conditions to demonstrate the
accuracy of the approach.

Symbols

An

A,

cp

D1

D2

err

f

g

H

h

J

K

parameter defined by equa-
tion (44)

constant in equation (63)

parameter defined by equa-
tion (45)

parameter defined by equa-
tion (46)

specific heat at constant pressure,

ft2/sec2-° R

specific heat at, constant volume,

ft2/sec2-°R

parameter defined by equa-
tion (40)

parameter (tcfined by equa-
tion (41)

parameter defined by equa-
tion (51)

parameter defined by equa-
tion (52)

flmction defined by equation (12)

total cnthalpy ratio, H/H_

total enthalpy, ft2/sec 2

static cnthalpy, ft2/see 2

indicator, j = 0 for two-

dimensional flow and j = 1 for
axisymmetric flow

parameter dcfined by equa-
tion (42)



k

L

I

l*

NLe

Npr

Npr,t

NRc

P

Q, W

R

RTt

rN

F, Z

l" 0

S

T

%

V

thermal conductivity,

Btu/ft2-sec-°R

constant in equation (63)

axial length, ft

parameter defined by equa.

tion (21)

parameter defined by equa-

tion (20)

parameter defined by equa-

tion (26)

Mach number

grid point across boundary layer

(see fig. 2)

Lewis mmlber

frozen molecular Prandtl number

turbulent Prandtl number

unit Reynolds number, ft -1

pressure, lbf/ft 2

general quantities defined by

equation (16)

convective heating rate,

Btu/ft2-sec

gas constant, ft 2/see 2-° R

parameter defined by equa-

tion (47)

nose radius, ft

coordinates shown in figure 1, ft

radius of axisymmetric body, ft

Sutherland constant (see

eq. (62)), °R

static temperature, °R

reference temperature in
Sutherland equation (62), °R

boundary layer edge velocity,

if/see

boundary layer velocity compo-

nents (see fig. 1), ft/sec

normal velocity defined by

equation (5), ft/sec

free-stream velocity, ft/sec

dr, t]

g

01, (t2, O3, (tl

Oltt

A

#

P

T

_d

Subscril)ts:

e

inc

S

O(5

Superscripts:

()

()'

boundary layer coordinates

tangent and normal to the

surface (see fig. 1), ft.

axial distance (see fig. 1), ft

angle of attack, deg

coefficients in equation (28)

velocity gradient parameter
defined by equation (23)

ratio of specifc heats, cp/c_,

intermittency factor defined by

equation (66)

l_oundary layer thickness based

on velocity, ft

boundary layer displacement
thickness defined by equa-

tion (58), R

turbulent eddy viscosity,

slug/ft-sec

parameter defined by equa-

tion (22)

boundary layer momentum thick-

ness defined by equation (60), ft

constant in equation (64)

molecular viscosity, slug/ft-sec

transformed boundary layer coor-

dinates defined by equations (6)

and (7)

density, slugs/ft a

shear stress, lb/ft 2

stream fimction defned by

equation (12)

parameter defined by equa-

tion (27)

boundary layer edge

incompressible

stagnation point

wall

free stream

mean flow quantity

derivative with respect to rI or

fluctuating values



Method

This sectionpresentsa descriptionof the tech-
niqueusedto solvethesteady,compressiblebound-
ary layerequationsfor laminar,transitional,or tur-
tmlentflowoveranaxisymmetricbody.Thephysical
coordinatesystemusedin the attalysisis shownin
figure1.

Boundary Layer Equations in Physical
Coordinates

Thepartialdifferentialequationsfora compress-
ible, turbulent t)oundarylayer,whichext)ressthe
conservationof mass,momentum,andenergy,(:all be
written as follows when the niolecular and turbulent

Lewis numbers are equal to 1 (see ref. 9):

o +0(P "0
Ox Og

- o (1)

0,, 0,,, ov 0 [ 0,,]t,_, _ + pv 0:; - 0:,:+ _ O,+ _) O:jJ (2)

Op
- 0 (3)

0y

Otl
pu i):,_ +pV -- = --o:; o:,, _ l+;x,,,,/ 0:;j

L,_)4 7' \ Nr,., " 0:;j (4)

where a new normal velocity has t)een defined as

pl vt
v : _ + -- (5)

The barred quantities in equation (5) represent mean

flow values and the primed quantities represent flue-

tuating values. The j in equation (1) is equal to 0 for

two-dimensional flow and to 1 for axisymmetric flow.

These equations are solved subject to the boundary
conditions at the wall, where y = 0 and

u=0, V=0, and H=Hw(x)

and at the outer edge, where y ---, vc and

u -+ U, (x) and H --+ H<,

The above boundary conditions reflect an as-

sulnption of no slip or mass injection at the wall and

a prescribed wall enthalpy. The static pressure that

is assumed constant across the t)oundary layer (see

eq. (3)) is required for the t)oundary layer sohition
and, ahmg with the edge velocity U<., nmst I)e ()t)-

tained from a separate inviscid solution. (S('e ref. 10.)
For the types of flows considered here, the total (m-

thalpy H+. is constant throughout the inviscid flow

region.

Boundary Layer Equations in Transformed
Coordinates

For help with the nunierical integration of the

governing equations, the physical coordinate system
(x, y) can be transfornled to a transformed coordi-

nate system ((, q). The well-known Levy-L(,es trans-

formation (ref. 9) removes the singularity in lhe gov-

erning equations at :r = 0 and reduces the growth
of the boundary layer in the transformed coordi-

nates as the sohltion l)roeeeds downstreani. The
transfornlation can t)e written as follows:

.I:
(.) = p,.;,<.c_,._,.i(L,: (6)

p.U, r_
rj[):_£ u:j (7)'/(:r, y) - vi_ t><

From equations (6) and (7) tim relation betweon

the derivatives in the physical plane (:r, y) and the
transfornmct plane ((, ;1) can lie written as follows:

0 pclzcU<,r2oJ 0 i);I 0
0:_= _ + 0:W0,_ (s)

0 pU, r,J, 0

o_j- v_ 0,; (.0)

Now a stream function _:,(x, y) can I)e defined that

will satisfy" the continuity equation (1); that is,

P,,ffl - 0v,, (10)
Oy

pVr_ I _ 0_"_
Ox ( 11 )

If a nondimensional stream funetion is introduced of
the form

¢' (_, '/) = v/_f (_, '1) (12)

then from

obtained:

and

equations (8)(12), the following is

pur/j = pU<,rJ f ' (13)

(v / 0s _7_e) _ 0,; V77s' (14);,v= -,,<.;,,.u,g _ _ + ,._ o:,-



Fr()m equation (13), the following is obtained:

u = Ucf' (15)

0 ( ,0of tile form _ l.I. _) is transformedIf general terma

using equation (9), the following can |)(' obtained:

Oy 2_ O,l
(16)

where IV and Q are general quantities, if these

results are applied to equation (2), the streamwise

molnentuln equation, the following result is obtained:

( Ol* ) f. 2_ dp,

= 2_ (f' Of'f,, Of)_- _ (17)

From the inviscid analysis it can be shown that,

if the entropy at the boundary layer edge is assumed

constaIlt;

dpc _ pcU, dU, (18)
d_ d(

Based on equation (18), the transformed streamwise
momentum equation (17) can be written in the form

l* fm + \ Oq + + 3 -

/ O f_ of\
= 2_ [f' - f" _'! (19)

0_ 0_ )\

where

(;)t* = l 1 + (20)

l- m, (21)
pHt_

0 = "'_" (22)
P

_ 2_ dC_,_ (23)
U,, d_

When the energy equation (4) is transformed in

a sinfilar manner and the definition

fI
(24)

g ft_

is used, the following result is obtained:

[0 (t--.) ],(/** _g"+ +f g
\ Npr,] OU \ Np,./

f
+w

(25)

where

l** = l 1 ÷ ; Npr, t

The boundary conditions for the transformed

equations at the wall, where rI = 0, are

f -- O, f' = O, and g = .%, (()

and at the out('r edge, where _! --, :x_,

fl --_ 1 and g --* 1

Solution Procedure

From the approach of Blottner (ref. 11) and I)avis

(ref. 12), equations (19) and (25) can be written in

the general form

02 I._.... 0 il .... 0 II ......

0?72 + t, 1 _)tl ÷ ,r_2_"V÷ a3 ÷ (_.1 _- 0 (28)

where, h)r the momentum equation (19),

W = f'

(t I -- 1"

-/Jf' (30)
¢)2 -- l*

,30
c,:} = _- (31)

-2_f' (32)
(_1 = l*

and for the energy equation (25),

IV = g

O(t**/Np_)
÷ f + 2_07] (33)

_:1 = l**/Npr

(_2 = 0 (34)



{a,)!

c_a - t**/Nm. (35)

-2U'
(_,1- l** /Np,. (36)

The q derivatives in equation (28) are replaced
t)y finite-difference quotients that allow variable grid

spacing in the 11 direction. This delineation allows
grid points to be concentrated near tile surface where

tile dependent variat)les change most rapidly. The

derivatives are replaced by two-point backward

differences. A typical grid system is shown in figure 2.

Tile solution is assumed to be known at grid point
m,n and is unknown at point m + 1,TJ. Adams

(ref. 13) defines a nomenclature that can be applied
in tile following finite-diffe, renee approximations:

(37)
O'q2 / m + 1.n [)2

(i)l,"_" [[["Tt+l- /(2]_,,, 1 -- (1 K 2) _¢[n] .... 1 (38)0q)m+l.. = D1

01V_ = 14';.,+l,r,- I4_m,n (39)
O_ / ,.+l,. A_

where

D1 =(q.+l-rl.,)+K2(q,,-rh_ 1) (40)

D2 = (r]n+l - l]n) 2 4- I_" (_']n -'tin-l) 2 (41)

K = T]n+l -- _'hL (42)
'tin -- _'ln 1

After substitution of equations (37) (39), the
finite-difference form of equation (28) becomes

A.,W,,,+I..+I + B,,W.,+I,,, + Cn_'rn+l.n 1 ---- Rn (43)

where

B? 1 -

2 Cq

= G+

-2(1+K) oq (1-K 2)

D2 D1

(44)

+(_2+_ (45)

2K K2r_l
C_, - (46)

D2 D1

Oq 1_/3, n

Rn = --r_3 4- -- (47)
/M

For the above system to be linear, the coefficients

An, BT_, C,_, and R,z must be treated as known quan-
tities at point m,n. Thus, equation (43) represents

a set of simultaneous linear algebraic equations that

must be solved for the dependent variables f' an(t g
under the restrictions diseussed above.

The system of algebraic equations represented

by equation (43) is tridiagonal and may be solved

efficiently by a method that Richtmyer and Morton
(ref. 14) described. For a tridiagonal systenl, tile

following simple relation holds:

rcVm+ 1,n = E_ 1{ :,u + 1,,, + 1 + (7._ (2 < ,, < N l) (48)

where
-A2

E2 - (49)
/32

R2 - C2 W,,, + 1,1
= (50)

B2

-- A TI

E,, = /3,, 4- C,,E,,_I (3 _< n _< N - 1) (51)

Rn -- Cncu 1

en = B,, 4- CnE u 1 (3 < n < N - 1) (52)

For our problem, the boundary conditions at the

wall (n = 1) and at the outer edge of the boundary

layer (n = N) have been specifed; thus. the values

of }l,_n+l,1 an(t Ii.;,,+l. N are known. Tim parameters
E, and e, are evahlated by starting a.t n = 2 and

moving out across the boundary layer to n = N - 1.

The solution for l/Wm+lm is then obtained by starting

at n = N- 1 and traversing back across the boundary
layer to n = 2.

Now, because the distribution of f_ across the
boundary layer is known, tile transforme(t stream

function f can be deternfined by numerical integra-
tion of the equation

j_o1 ftf (_, 71) = (_, '1) &l (53)

that uses the trapezoidal rule and tile notation from

the boundary conditions that f' = 0 at _/ = 0. The

physical grid position across tile boundary layer is
obtained from the equation

v/_ _'_ P'--_dq (54)Y- p_U,,/o P

which is also integrated using the trapezoidal rule.

In this paper, the momentmn and energy equa-

tions have been decoupled and linearized; thus, the
solution at each station must be iterated to re-

move tim restrictions. To linearize tile equations, all

quantities on the right side of equations (29) (32)



and(33) (36)aretreatedasknownwhentile_ eoef-
fieientsareevaluated.In thefirst iterationat station
m + 1, these quantities are evaluated at tile previous
station m. In successive iterations, these coefficients

are recomputed with quantities from lhe previous it-

cra.tion. This process is rcpeate, l ,mill the difference
in the assumed and calculated quantities is less than

0.1 percent. Generally two to four iterations are re-

quired for the typical step sizes used in the present
work. Numerical experiments have shown that this

approach yields good results.

Boundary Layer Parameters

After the boundary layer solution has been ob-

1.ained at a given body station from the proce(hu'e

outlined in the previous scclion, several boundm'y

layer paranleters lllllSt })e determined. One quantity
of interest is the local convet:tive heal ftux at the wall

(!1 = (1) that. for a flow with molecular and turbu-
lent Lewis mmfl)ers equal to 1, is giveil })y (see the

at)pendix)

( I' Oh) (55)ql,' NI, ,. i)!; ,,.

where Nf, ,. is the frozen Prandll numl)er.

In the t.ransfornled coordinate systenl (, r/, e(tllt_t-

tion (55) can be written as

l,,,p,.p, U, H, ri{ ,

q"' = 0,,. (56)

Similarly. the local shear slress al the wall is given

by the equation

(&,_ _ 1,,V),I,,t@'_ f,, (57)

The derivatives appearing in equations (56)

and (57) (t/and f') are evaluated from a three-point
tbrward difl'erenee at the wall. The displacement

thickness, which is defined in physical coordinates

.r, !i by the equation

/?(,',)(5*= 1 .... dg (58)
• ) /h U,

can be written in transformed coordinates _, _! as

b* V/_ 1'" (0 - f')el',] (59)
p, U, r/, . )

Similarly, the momentum thickness, which is (tefined

in :z:,y as

17""(":)0,,,=. /,7< 1-77 (60)

6

is given in <, q as

0,,, - "1 f'(1 - f')dq
p,,U, r j, J(

(6t >

The integrals at)t)earing in equations (59) and (61)

are evaluate(t fi'om the trapezoi(tat rule.

Transport Properties

For an i(tea] gas and CF1, the molecular viscos-

ity IZ ix (:ah:ulal(xt using the well-known Sutherland
tbrmula

I_ = P, (62)

where al)t)rol)riale values are sul)stituted for the ref-

erell(:e t(}Int)_qaluI'e Tr, the referellee viscosity IZ,..
and the Sutherland constant S. For air in chemi-

cal e(tnilil)rimn, the nlolecular vist'osily is ot)tain('(t

t'rom th,' (tara of I)eng and Pin(troh (ref. 15) and a

tal)lc h_()k-ut) t)roce(hlre.

The lurbuh'nI c(hty viscosity e ix calculated with

a two-layer model. The illller region is t)ased (m a
m()(tiii('ati()n ,)t' Van Driest's analysis (ref. 16) intro-

du('ed t)3' I'atankar and Spalding (ref. 17). and the

outer region ix based on the Clauser model (ref. 18)

as apl)li('(t I)y ]tarris (ref. 3).

The tm'bllh'nt (_(hty viscosity fl)r t.lm imler r(,gi(m i

is given bv th(' equation

where ],:_ and .4. are constants assume(t to be

approximat('ly 0.4 an([ 26 in the t)resent analysis.

The tm'imh'nt eddy viscosity for the Ollter region o

ix given t)3" th(' equation

- (64)
j tz

where A is a (',instant assumed to t)e 0.0168. binc is

the incomI)r('ssibh_ displaceinent thickness.

bi,,,* =aOfq' (1- f')dy (65)

and q ix Kh,t)anoff's transverse int(,rmitten(:y factor

(ref. 18) d(!fined as

;:;::=: 1-erf{5[(y/b)-0.78]} (66)
2



whichcanI)eealeula.tedaI)proxinmtelybytile equa,
tion (ref.4)

1
_ (67)

1 + 5.5 (,_j/_)_

The boundary separating the inner ft_ll(t outer
regions is defined _s the location where

i )

For ideal gases and CF1, the molecular Prandtl

mnnber is assumed constant; howew_r, for air in

chemical equilibrium, the molecular Prandtl num-

ber is obtained from the data. of Peng and Pindroh

(ref. 15) and a table look-up procedure. Tile tur-
bulent Prandtl nmnt)er is assmned constant; for all

results presented in this paper, the turbuhmt Prandtl
lmmber is taken as 0.9.

Thermodynamic Properties

For an ideal gas, tile thermodyImmie t)roperties

are obtained from the ideal gas equation of state

p = p t_ (69)

based on the appropriate wdues for the gas con-

stant R and the specific heat cp. For CF4 the thermo-
dynamic properties are obtained from the curve fits
of Sutton (rcf. 19); however, for air in chenfical equi-

librium, the thermodynamic prot)erties are obtained

from Hansen (ref. 20) and a table look-up procedure.

Results and Discussion

In this section, results from the present method

are compared with experimental data. Two gases

are considered: air (either ideal gas or equilibrium
chemistry options) and CF4. Comparisons are shown

for laminar and turbulent flow. For all results, the

boundary layer edge conditions were ot)tained from

the inviscid code of reference 10, except where noted
otherwise.

Ideal Gas

Surface heat transDr distributions for flow over

a sphere are presented in figure 3 along with ex-

perimental data measured in the Langley 31-Inch

Mach 10 Tunnel (provided by John Mieol of tile
Langley Space Systems Division). The results shown

in figure 3(a) are for a Reynolds mnnbcr of 2.4 x 10 '5

per foot and those in figure 3(t)) are for 5.4 x 105 per
foot. In both ('a.ses the flow is laminar and the air

was assumed to behave as an ideal gas with "y = 1.4.

For the computed results shown in figure 3, a grid

of 101 points across the boundary layer was used
with the values of 1]max an(t K set to 7.0 and 1.04,

respectively. This metho(t t)roduced a value of AT!

at the wall equal to 0.005656. For both eases the

computed results agree well with the experimental

data (i.e., within ±10 percent). Similar computa-

tions were performed that used 201 points across tile

boundary layer (results not shown) to check the a(t-
equacy of the grid, but that approach was f(mnd to

have very little effect on the computed heating rates.

The next case considered is the flow over a spher-

ically t)hmted 8° half-angle COliC at 5I = 5 and

a: = 0°. The results for this ease are presented in fig-

ures 4(a) att(t 4(t)) for NR, = 2.09 x 106 an(t 19.8 × 106

per foot, respectively. The experimental data for this

ease are from reference 21. For the lower Reynolds

Immber (fig. 4(a)), the flow is completely laminar,
and, ex(:et)t for just downstremn of the stagnation

point, the present calculations are in excellent agree-

ment with the data. At the higher Reynolds num|)er

(fig. 4(b)), transition starts on the nose of the l)ody

near x/rN _ 0.3, and the flow is flflly turbulent near
x/r N _ 0.8. This case was modeled in the present

calculations tmsed on a finite transition region start-

ing at x/rjv = 0.3 that followed the at)preach of ref-

erence 22. The results generally agree well with the

experimental data.

The next corot)arisen, presented in figure 5. is for

flow over a spherically bhnlted, 70 ° half-angle cone
at -_lvc - 9.86, NR,_ = 0.55 x 106 per foot, and

a= 0 °. The experimental data were obtained in the

Langley 31-Inch Ma(:h 10 Tunnel t)y Charles Miller

and Ray Mi(tden, also of the Langley S1)aee Systems
Division. Tile data are the same as those used in

reference 23. This configuration had a sharp cor-
ner at the trailing edge. Because of the free-stream

conditions an(l the large half-angle cone, the entire

shock layer is subsonic, with the sonic line attaching

near the corner in a strong ext)ansion region. The
flow field was computed over this body based on the

time-dependent method of reference 10 and a geom-

etry comprising a spherically bhmted 70 ° half-angle
cone forebody with a trailing 40 ° cone frustum that
caused the sonic line to attach at the corner. As

the flow moves away from the stagnation point, it
expands and the heating decreases as would t)e ex-

pected. However, as the flow approaches the trailing

edge, the heating increases rat)idly, reaching a peak

only slightly below the stagnation value. This rapid

rise in heating near the trailing edge is the result

of the strong expansion in this region (i.e., large in-

crease in the velocity gradient). Some scatter is evi-

dent in the experimental data around the stagnation



point,but tile calculationsgenerallyyieldverygood
agreementwith the dataovertile remainderof tile
body.

Thenextcaseconsideredis the turbulent flow of

ideal gas over a fiat plate. For this case the calcu-
lated turbulent velocity profiles are compared with

experimental data front reference 24 in figures 6(a)

6(c) for Mach numbers of 1.982, 3.7(11, and 4.554,

respectively. The air was assmned to bc an ideal gas

with 7 = 1.4. For the computed results shown in fig-

urc 6, a grid of 201 points across the boundary layer
was used with the values of 7hnax and K set to 100

and 1.09, respectively. This setting produced a value

of A71 at the wall equal to 0.2944 x 10 -6 . Tile in-
crease in the number of grid points was required to

resolve the large gradients in the turbulent flow veloc-

ity profile near the surface. For each Mach mmlber,

the calculated results are in excellent agreement with

the experimental data (i.e., within -t-5 percent.).

Through numerical experimentation, a grid of

101 points with _hnax = 7.0 and K = 1.04 has been
found to provide good heat transfer results for most
laminar flow cases; for most turbulent flows, a grid

of 101 to 201 points with 7hnax = 100 and K = 1.09

appears to provide good heat transfer results. Thus,

these grids appear to be adequate for most problems.

The computed results obtained thus far for per-

fect gases and laminar and turbulent flows agree well

with the data from experiments and indicate that the

boundary layer code is useflfl for these conditions.
In the next two sections, applications for other gas
models are considered.

Air in Chemical Equilibrium

Calculated heat transfl_r rate distributions for

laminar flow over a 45 ° spherically bhmted cone with

r x = 1.0 ft are presented in figure 7 and compared

with viscous shock layer (VSL) calculations obtained

by Gupta, Lee, and Zoby using the nmthod described
in reference 25. The free-stream conditions corre-

spond to a flight Maeh nmnber of 15 at an altitude

of 80 000 ft. Three solutions with the present method

are presented based on three different assumptions to

obtain the edge conditions. The first case, labeled

blunt cone, follows a classical bouIMary layer ap-

proach and uses properties along the surface stream-
line obtained fronl an inviscid, bhmt-cone flow-field

solution. Because the flow along an inviscid surface
streamline has passed through a normal shock wave,

the entropy along this streamline is constant and has

a high wdue equal to that downstreanl of a normal

shock. For this case the present results are slightly

lower than the VSL results, with the difference in-

creasing downstream.

Tile second case, labeled sharp con< also follows

a classical approach but uses an inviscid, sharp-cone
flow-field solution. All inviscid flow for this case

has passed through a relatively weak, constant-angle

shock wawu thus, the entropy along the inviseid
surface streamline is constant and has a relatively

low value (much lower than for the bhmt-cone ease).

Results for this case, shown only for x/rx. >_ 2.0,

are higher than the VSL and blunt-cone results.
This approach represents an upper limit for tile

laminar heating that will be reached far downstream

of the stagnation point when all variable-entropy
inviscid flow has been entrained in the boundary

layer. This limit has obviously not been reached for
these conditions.

The third case, labeled variable entropy, was com-

puted by interpolation of the edge properties from

the inviscid flow field at a distance equal to the

boundary laym" thickness away from the wall. The
entropy at, the _dge of the boundary layer for this case

is varial)le, starting at normal shock value at the stag-
nation point and decreasing downstreanl. The heat-

ing for this case is ahnost identical to the heating for

the blunt-con_ case for 0 _> x/r.,; <_ 2.0 then departs

and follows approximately the same level ms did tim
VSL resuhs. This progression clearly demonstrates

the influence of variable-entropy edge conditions on

the downstream heating. The stagnation-point heat-

ing is slightly lower (approximately 10 percent) than
for the VSL. This difference may be attributed to

differences in lhe thermodynamic or t.ransport prop-
erties in the two codes.

Calculated surface heating rates from the present

code are compared with experimental Reentry F

flight data (ref. 26) in figure 8. The Reentry F

configuration is a spherically bhmted, 5 ° half-angle

cone. 13 ft long, with an initial nose radius of 0.1 in.
Inviscid edge conditions for these calculations were

obtained fl'om equilibriun>air, sharp-cone solutions

(ref. 27). The comparisons presented ill figure 8(a)
art, for 12{/0(}0 it, and a Mach number of 19.25.

The flow for this case is laminar and the calculated

heating agrees reasonably well with the experimental
data.

Similar comparisons are presented in figure 8(b)
for 80 00{) ft, when the flow starts to become turbu-

lent at a z/L location near 0.625. The calculations
started with laminar flow at the nose and initiated

"instantaneous" transition at z/L = 0.625. Both
the laminar and the turbulent calculations agree well

with the experimental data.



CF4 Gas
Surfaceheattransferdistributionsfor flowover

a sphereare presentedin figure 9 along with
experimentaldatameasuredin the Langley20-hmh
Mach6 Tunnel(providedby CharlesMiller of tile
LangleySpaceSystemsDivision).TheCF4gashas
arelativelylow"effective_" andisusedto testblunt
reentryconfigurationsbecauseit simulatesthehigh-
densityratioacrossthestrongshockwaveson these
configurationsin hypersonicflight. Theflowis lami-
narandthepredictedvaluesagreewellwith theex-
perimentaldata. Thiscaseillustratesthegoodap-
plicationoftheCF4chemistrypackage(fromref.19)
in thepresentcode.

Concluding Remarks
Animplicitfinite-differencemethodhasbeenused

to obtain steady-flowsolutionsfor axisymmetrie,
laIninar,andturbulentboundarylayerflowoversev-
eralbodiesand flowconditions.Resultshavebeen

presentedfor laininarand t.urbuleiltflow of ideal
gas,laminarflowof air in chemicalequilibrium,and
laminarflowin carbontetrafluoride(CF,i). Mostof
theresultswerebasedonconditionsof constanten-
tropyat theboundarylayeredgeobtainedfroman
inviscidflow-fieldsolutionat thesurface.

Comparisonswithexperimentaldatahavedemon-
stratedthat accuratesolutionscanbeobtainedwith
thisapproach.Themethodshouldproveusefulasan
analysistoolforcomparisonswithexperimentalwind
tunneldataandfor calculationsof flight conditions
whereintheassumptionsofequilibriumair chenfistry
andconstantentropyat theboundarylayeredgeare
valid. In addition,the methodcanbeextendedto
includevariableboundarylayeredgeentrot)yeffects.

NASALangleyResearchCenter
Hampton,VA23681-0001
October21,1992



Appendix

Surface Heat Transfer Rate With
Enthalpy Gradient

In general, for tile lanfinar flow of a reacting gas
with binary diffusion, the heat transfer t.o the surface
can be written in the form

( OT Oc i _q.,= k 09 +pT) Ehi _y/., (A1)

where the first, ternl on the right represents conduc-

tion and the second term represents diffusion. The

symbol 7) is the binary diffusion coefficient, hi is the
enthalpy of the ith species, and c i is the Itla_'-;sfraction

of the ith species.

Now, for a reacting gas, the enthalpy is given by

h = _cihi (A2)

Thus, Oh/Oy can be written as

0h Ohi E hi 0ci (A3)

N ov¢,

Ohi OT

Oy (% O:q (A4)

When this result is substituted into equation (A3),
the following is obtained:

Oh 0f &i 0f + _ h, 0,:, (A5)o,7: X"'", _ +Z I,,W =,,, o_, o,,

Thlls,

OT _ 1 Oh 1 E hi 0ci
0!1 cp Oy cp Oy (A6)

Substituting this result into equation (A1) ob-
tains the fi)llowing equation for the heat transfer:

( &'i +t,/)Zh, 0%']_ Oh _"El,, _ (a7)q"= _ o:,_ ,> o:j),,

\Vhen the Lewis mmfl)er NLc, defined as

NL _ _ pDcp (A8)
k

is introduced, lhe surface heat transfer rate can be

expressed a,s

{ a, [oh oc ]}q"'= )7 Li_g 4-(NL_ -1)Zhi OyJ w
(A9)

For NL, = 1, the second term in equation (A9) is
zero and the sm'face heat transfer rate becomes

k 0h) (A10)q"'= go.v/,,,

or

(All)

Similar results

p Oh)

where Np,. is itle Prandtl number.
can be obtained fl)r turbulent flow.
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Figure 3. Heat transfer rates on sphere in air. 7 = 1.4; r N = 0.16667 ft; T,, = 540°11.
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